We are reinvestigating the hyperfine structure of sodium using a fully relativistic multiconfiguration approach. In the fully relativistic approach, the computational strategy somewhat differs from the original nonrelativistic counterpart used in [1] . Numerical instabilities force us to use a layer-by-layer approach that has some broad unexpected effects. Core correlation is found to be significant and therefore requires to be described in an adequate orbital basis. The natural-orbital basis provides an interesting alternative to the orbital basis from the layer-by-layer approach, allowing us to overcome some deficits of the latter, giving rise to magnetic dipole hyperfine structure constant values in excellent agreement with observations. Effort is made to assess the reliability of the natural-orbital bases and to illustrate their efficiency. * mrgodef@ulb.ac.be
I. INTRODUCTION
The hyperfine structure of neutral sodium was investigated by Jönsson et al. [1] using the non-relativistic multiconfiguration Hartree-Fock (MCHF) approach [2] . Large-scale calculations were performed to estimate not only the hyperfine structure constants of the [Ne]3s 2 S and [Ne]3p 2 P • terms, but also the transition probability of the 3s 2 S − 3p 2 P • resonance transition. Their calculations resolved a long-standing discrepancy between theory and experiment of the transition probability and provided accurate values for the hyperfine structure constants. Their optimization strategy consisted of the simultaneous variation of all correlation orbitals together with the spectroscopic 3s/3p orbital for the 3s 2 S/3p 2 P • state. The simultaneous optimization of all correlation orbitals together with the spectroscopic valence orbitals, that we will refer to as the "full variational" (FV) approach, has been widely used in non-relativistic calculations [3] [4] [5] . Due to numerical convergence issues, the relativistic counterpart of the MCHF method, the multiconfiguration Dirac-Hartree-Fock (MCDHF) method, employs almost exclusively a layer-by-layer (LBL) strategy [6, 7] in which only the newly introduced orbitals for the layer considered are optimized while the remaining ones are kept frozen. In this context, a layer is a set of new orbitals to be optimized including one orbital per angular momentum symmetry. To first-order, the total energy should converge towards the same limit in the two optimization schemes, if considering orbital active spaces that are large enough in the single-and double-excitation process. The LBL approach is attractive as the computation time for each new layer is much shorter than the corresponding computation time of the FV approach. The price to pay for the LBL strategy is a larger active set of correlation orbitals to compensate for the lost degrees of freedom in the variational process relatively to the FV method.
As a complement to [1] , we performed non-relativistic calculations of the hyperfine structure constant A 1/2 of the sodium ground state using the Atomic Structure Package (ATSP) [8] keeping the same correlation model than in [1] for describing the core-valence electron correlation, but adopting the LBL instead of the FV approach. In agreement with its lower variational flexibility, the layer-by-layer approach requires additional orbital layer(s) to reach convergence of the hyperfine constant and to reproduce the original result. To improve the correlation model, core-core (CC) correlation is added in the last step through configuration interaction (CI) calculations. The comparison of the final values reveals a surprisingly large difference (∼ 23 MHz) between the two approaches, suggesting that the magnetic dipole hyperfine constant is considerably underestimated in the LBL approach.
The MCDHF method as implemented in the GRASP2K and GRASP2018 packages [9, 10] , often fails in optimizing all orbitals simultaneously, forcing the user to adopt the layer-bylayer optimization strategy. The a priori unexpected discrepancy between the LBL and FV A 1/2 values observed in the non-relativistic framework is therefore disturbing and raises the relevant question of reliability of the final LBL relativistic hyperfine structure value, the only one that can be estimated so far with the MCDHF codes. In the present paper, we investigate the use of different orbital bases in hyperfine structure calculations in both the non-relativistic and relativistic frameworks and evaluate the usefulness and reliability of natural orbitals (NO).
The relevant non-relativistic theoretical background can be found in [1] . Sections II and III briefly describe respectively the MCDHF and the hyperfine structure theories. Natural orbitals are introduced in Section IV. Section V presents their application to the sodium ground state hyperfine structure while Section VI extends the analysis to sodium-like ions ground state and sodium excited states.
II. THE MCDHF THEORY
In the multiconfiguration Dirac-Hartree-Fock (MCDHF) method [11] , an atomic state of total angular momentum J and parity π is expanded over configuration state functions (CSFs) as
where γ j specifies the angular coupling tree of the j th CSF. CSFs are themselves built as sums of anti-symmetric products of one-electron Dirac spinors φ nκm (r, σ) = 1 r   P nκ (r)χ κm (θ, φ)
which satisfy the following normalization condition ∞ 0 [(P nκ (r)) 2 + (Q nκ (r)) 2 ] dr = 1. The P nκ (r) and Q nκ (r) radial orbitals, defined on an exponential grid, are determined by solving iteratively coupled integro-differential equations derived by applying the variational principle to the energy functional based on the N-electron Dirac-Coulomb Hamiltonian
The orthogonality constraints φ nκm |φ n ′ κm = δ nn ′ are introduced in the functional through appropriate Lagrange parameters [12] . For a given set of one-electron orbitals, the c j mixing coefficients of Eq. 1 are normalized solutions of the secular equations. The MCDHF method iteratively computes the radials orbitals and the mixing coefficients until self-consistency.
As a last step, the MCDHF method is usually followed by relativistic configuration interaction (CI) calculations to include higher-order excitations and/or additional interactions in the Hamiltonian such as the long-wavelength approximation Breit interaction
or QED corrections [12, 13] .
III. HYPERFINE STRUCTURE THEORY
The hyperfine structure results from the non central interaction between the electromagnetic multipole moments of the nucleus and the electron cloud. The hyperfine structure Hamiltonian is a sum over multipole moments
where T (k) and M (k) are electronic and nuclear tensorial operators of rank k, respectively.
The coupling of the nuclear and atomic electromagnetic properties leads us to combine the total electronic angular moment J and the nuclear spin I in a total angular momentum F = J + I [14] .
In our calculations, the multipole expansion of Eq. 5 is truncated to its two lowest rank terms, describing, respectively, the magnetic dipole interaction (k = 1) and the electric quadrupole interaction (k = 2). The corresponding electronic tensors are defined as
and
The energy splitting induced by the hyperfine interaction is commonly expressed in term of the hyperfine magnetic dipole constant A J and the hyperfine electric quadrupole constant B J [2] , which are defined by the relations
The magnetic dipole moment µ I results from the nuclear reduced matrix element I||M (1) ||I while the electric quadrupole moment Q results from I||M (2) ||I . Both nuclear moments are experimentally known quantities [15] .
IV. CANONICAL AND NATURAL ORBITALS

A. On the use of Natural Orbitals in Quantum Chemistry
In their pioneer work, Kutzelnigg et al. [16, 17] investigated the direct determination of natural orbitals and natural expansion coefficients of many-electron wavefunctions. NOs have been introduced in modern methods and algorithms in Quantum Chemistry for the development of ab initio methods for electron correlation in molecules [18, 19] . Although they are known for generating compact CI wave functions of high quality, as discussed by
Bytautas et al. [20] , the question of their usefulness for generating an efficient expansion of the wave function is still open and is the subject of recent investigations by Giesbertz [21] .
In the framework of Density-Functional Theory (DFT), natural (spin)-orbitals are explored to describe the motion of individual electrons in small molecular systems and develop a method for correlated electronic structure calculation [22] .
More in line with the present work, Engels et al. [23] observed that improved isotropic hyperfine coupling constants of radicals can be obtained if natural orbitals are used instead of molecular orbitals, thanks to the increased compactness of the wave function.
B. On the use of Natural Orbitals in Atomic Physics
The use of natural orbitals (and approximate Brueckner orbitals) has been investigated by Lindgren et al. [24] in their study of the hyperfine interaction in alkali atoms in manybody perturbation calculations. They found that when these orbitals are used to evaluate the polarization and lowest-order correlation effects, some important higher-order effects are automatically included. They also observed that for the alkali atoms, the modification of the HF orbitals towards Brueckner or natural orbitals affects considerably the valence orbital, pulling the electron closer to the nucleus, increasing the hyperfine interaction. Brueckner orbitals were later used on Ca + and Ca hyperfine structures by Mårtenson-Pendril et al. [25] and Salomonson [26] , following the work of Lindgren et al. [24] .
Natural orbitals have never been used for optimization strategies in multiconfiguration variational calculations of atomic properties to the knowledge of the authors except for studies of states of two-electron systems, where the expansion is also referred to as the "reduced form". The latter, applied to pair-correlation functions, leads to non-orthogonal orbital sets [27, 28] .
The electron density and natural orbitals [29] of non-relativistic multiconfiguration expansions can be computed using the DENSITY program [30] designed for (ATSP2K) program package. The approach of the DENSITY program has been extended to the relativistic framework [31] . Introducing, for each κ, the density matrix
with elements
where ν i,j nn ′ κ are angular coefficients, the computation of which are detailed in [28] , the natural orbitals φ κ = φ nκ are obtained from the eigenvectors U κ of the density matrix
Written explicitly the natural orbitals are
The eigenvalues of the density matrix can be interpreted as the occupation numbers η κ n ′ of the NOs with
C. Rotations in complete active spaces towards reduced forms
Non-uniqueness of the wave functions
The ASF (1) orbitals and correlation orbitals up to a given principal maximum number, n, with a priori all angular momenta l ≤ n − 1. An active set of orbitals is defined as the set of all orbitals from which and to which electron substitutions are allowed. In this work the active set of orbital is denoted nl. If the l-value is not specified then it corresponds to its maximum value l max = n − 1. The reference spectroscopic orbitals are often split into core orbitals and valence orbitals. The former are the innermost closed shells, e.g., {1s, 2s, 2p − , 2p} for sodium, whilst the latter correspond the outermost orbitals, e.g., {3s} for sodium. The generation of all possible CSFs would require to allow up to eleven simultaneous substitutions from the reference orbitals to the AS. The smallest CAS built on the n = 3 active set already generates over 100 000 CSFs and the CAS n = 4 generated over 750 000 000 CSFs.
When the active space is complete, then the total wave function supports rotations amongst orbitals of the same κ-symmetry within the active set, i.e., transforms Ψ(ΓJπ) to itself, with different mixing coefficients. Applying any unitary transformation to the radial part of the orbitals leaves the total wave function invariant, and therefore the total energy or any other observable. The non-uniqueness of the wave function is discussed in greater details in [2] in the non-relativistic framework. If the active space is complete, the equivalent reduced form of the two-electron pair wave function is often selected to enhance the convergence [28] . The corresponding orbitals are precisely the natural orbitals.
Reduced form of the MCDHF Ca expansion
A small test-case is described for the [Ar]4s 2 approach zero within the numerical accuracy in the natural-orbital basis, bringing the ASF in its reduced form as expected for a single pair-correlation function [27, 28] . Note that the leading configurations, such as 3d 2 1 S 0 , 4s 2 1 S 0 or 4p 2 1 S 0 , gain weight by the transformation to the natural orbitals. These results follow closely the work on neutral beryllium of Borgoo et al. [30] in non-relativistic MCHF calculations.
Superiority of NO in non-equivalent orbital bases
The previous section presented the reduced form of the calcium ground state. We should emphasise here that the wave function is left unchanged by the transformation to the natural orbitals and so is the total binding energy or any observable Ô Ψ . The two representations (LBL and NO) are therefore equivalent. Strengthened by this experience, another set of rotations may be applied to the LBL basis. These rotations are arbitrary chosen to highly mixed pairs of orbitals of the same symmetry. For each such pairs, (4s, 5s); (6s, 7s); (4p − , 5p − ); (3d, 4d); · · · , maximal rotations with coefficients (±1
are selected. The result is a strong rearrangement of the radial orbitals in all symmetries.
Since the active space is complete, the energy and the wave function remain unchanged by the transformations. These three bases, LBL, NO and ROT are therefore strictly equivalent. They can then be used in more extensive CI calculations including e.g., core-valence and core-core correlation. The VV+CV+CC active space is generated by allowing all SD excitations from the {3s, 3p − , 3p, 3d − , 3d, 4s, 4p − , 4p} orbitals to the 7f active set. The in- 
troduction of core and core-valence correlation breaks the completeness of the active space.
The extended CSF expansion beyond valence excitations does not support rotations anymore, and the resulting computed energies differ in each basis. As anticipated the complete VV active space shows no energy difference between the orbital bases. When considering the VV+CV+CC active space, the NO orbital basis provides the lowest estimation of the total energy -by 67 cm −1 with respect to the original LBL value, while the rotated (ROT) orbital basis gives a disastrous result, far too high energy by around 27 500 cm −1 . This sequence, E NO < E LBL < E ROT , indicates that these orbital bases are non-equivalent. The NO basis leading to the lower total binding energy might be optimal. Other criteria than the total energy can be used to differentiate the orbital bases. Amongst them, the mean radius of the spectroscopic valence orbital and its associated generalized occupation number provide valuable information. The mean radii, r 4s LBL = 4.20207, r 4s NO = 4.13432 and r 4s ROT = 6.33763, and the corresponding generalized occupation numbers, η 4s LBL = 1.83997, η 4s NO = 1.84115 and η 4s ROT = 0.883646, point towards the same direction, i.e., the 4s natural orbital is the most contracted one and has its η 4s closer to the expected η 4s = 2 for the [Ar]4s 2 1 S 0 pure configuration. We could therefore argue that the NOs are better suited to core-valence and core-core correlation, which explains the lower energy value. The larger generalized occupation number enhances the weight of the dominant CSF. Finally, one should notice that if the VV+CV+CC active space was complete, i.e., would allow simultaneously up to 10 substitutions from the {3s, 3p − , 3p, 3d − , 3d, 4s, 4p − , 4p} orbitals, the invariance of the total wave function would be preserved and the computed energies identical. In the present case, we started with a complete active space, leading to equivalent orbital bases. This equivalence is then spoiled by the introduction of core excitations that make the expansion incomplete. To illustrate the impact of missing CSFs that prevent the invariance property under orbital rotations, a simpler case is considered in App. A in which an incomplete active space is progressively enriched until completeness is reached.
V. HYPERFINE STRUCTURE OF THE SODIUM GROUND STATE
The 1s 2 2s 2 2p 6 3s 2 S 1/2 ground state of neutral sodium is investigated using the full relativistic MCDHF method. Two different orbital bases are optimized and compared. They both span the same active space since their active set of orbitals (AS) are identical, i.e., the number of available orbitals per κ-symmetry is the same.
A. LBL orbital basis
The first orbital basis, labelled LBL, is optimized in three steps following a layer-by-layer scheme:
(i) The reference orbitals are determined by solving the N-electron Dirac-Hartree-Fock (DHF) equations. The 1s, 2s, 2p − and 2p + orbitals are then frozen to their DHF solution.
(ii) Seven layers of correlation orbitals are optimized based on a core-valence active space generated by allowing SrD substitutions from the DHF configuration. The largest corevalence active set is represented by its maximum principal quantum number n = 9 and maximum angular quantum number l, corresponding to 9h. The first correlation layer optimizes together all n = 3 orbitals, including the spectroscopic 3s orbital which is therefore no longer solution to the DHF equations.
(iii) Two additional layers of correlation orbitals are optimized based on a core-valence plus core-core active space generated by allowing all SD substitutions from the DHF configuration. The largest active set is 11h and corresponds to the final LBL orbital basis set.
B. Natural-orbital basis
The natural-orbital basis requires the prior knowledge of the LBL orbital basis and is computed in two steps as follows:
(i) The density matrix based on the mixing coefficients of the ASF expansion in the LBL representation is evaluated and diagonalized for the 9h CV active space according to Eq. 12. Its eigenvectors (13) provide the required coefficients to build the natural orbitals by linear combinations of the LBL orbitals.
(ii) As in step (iii) for generating the LBL basis, two additional layers of correlation orbitals are optimized based on a CV+CC active space generated by allowing all SD substitutions from the DHF configuration. The orbitals with 1 ≤ n ≤ 9 are the natural orbitals resulting from the transformation described in the previous step (i) while orbitals with n ≥ 10 are not transformed to NOs.
The transformation to the natural orbitals leads to a radial re-organization of the LBL orbitals within each κ−symmetry. Table II shows the vector compositions of each g NO − orbitals in the LBL basis. The 5g NO − , 8g NO − and 9g NO − are all largely dominated (more than 85%) by the original 5g − , 8g − and 9g − , respectively. The other two g − orbitals are highly mixed and instead of l max = 5 and the density matrices are evaluated for each l-symmetry instead of each κ-symmetry. Two different natural orbital bases can be found for FV and LBL bases.
They are labelled FV NO and LBL NO , respectively. are computed before including CC correlation and triple substitutions. A relativistic correction is finally included by multiplying the non-relativistic results by a DHF/HF factor, as described in [1] . The largest calculations in the FV, FV NO and LBL NO show relative differences below 0.5% while the LBL orbital basis leads to relative differences around 1.5%.
The use of NOs restores the agreement between the FV and LBL bases. These observations comfort us in using the natural-orbital basis in the relativistic LBL optimization strategy. Expt. 885.813 064 4(5) [33] to Engels [34] , the effect of the triple substitutions is to increase the value of the hyperfine constant. The LBL orbital basis exhibits this behaviour whereas the NO basis shows an unexpected decrease in its A 1/2 −value.
E. Layer-by-layer and natural orbitals in MCDHF
The form of the non-relativistic hyperfine operators suggests that s-orbitals contribute the most to dipole magnetic constant of a 2 S state [13] . The radial dependency of the relativistic hyperfine operators is ∝ r −2 and therefore the mean radii of s-orbitals provide valuable information to understand the difference between the two orbital bases. Table V presents the mean radii and the expectation value of r −2 of the spectroscopic and corevalence correlation s-orbitals in the LBL and NO orbital bases. The transformation to natural orbitals results in a contraction of the spectroscopic 3s orbital r 3s LBL = 4.12007 → r 3s NO = 4.05088
which affects more the r −2 3s expectation value (10.7%) than its mean radii (1.7%). A strong mixing between the 7s and the 8s orbitals r 7s LBL = 6.16109 → r 7s NO = 2.12338 and r 8s LBL = 0.60187 → r 8s NO = 3.62967 is also observed. Moreover, the LBL 7s orbital exhibits a large mean radius, larger than the valence 3s orbital. However, from an optimization based on CV correlation, we would expect its mean radius to lie between the 2s core orbital and the 3s valence orbital. This diffuse correlation orbital already gives a hint that the layer-by-layer optimization strategy leading to the LBL orbital basis is not well suited for hyperfine structure calculations.
F. Quadruple excitations
Quadrupole (Q) excitations are known to play a small role into the computations of the hyperfine constant [23] . Since the corresponding number of CSFs growths rapidly with the active space expansion, they can only be included in a very limited subset of orbitals.
They were neglected in original non-relativistic calculations [1] . Since then, the available computational resources have increased, allowing us to expand further the active space. The CI calculations including Q excitations are shown in Table IV . Two sets of additional CI are 
G. Discussion and comparison with other methods and experiments
The results presented in previous sections showed that natural orbitals are an interesting tool to compute hyperfine structure constants of alkali-like systems. The small difference between the LBL and NO basis when A 1/2 is computed over the CV correlation active space allows to use one or the other for further calculations. The discrepancy arising from the corecore CSFs raises questions about the physical meaning of the NO and the optimal choice of an orbital basis for CI calculations. The particularities of the NOs are not well known for systems with more than two electrons [29] . We observe that in the NO basis the spectroscopic orbitals have a larger generalized occupation number and the corresponding DHF CSFs larger mixing coefficients. The mean radii of the orbitals are another comparison point to differentiate the two bases. From Table V , it was already shown that the spectroscopic 3s orbital is more contracted in the NO basis. The contraction of the valence spectroscopic orbital results naturally from the core-valence correlation as it is seen in the fully variational approach [1] . The influence of the contraction of the spectroscopic 3s orbital is investigated in greater details in Sec. V H. Table VI presents H. On the crucial role of the spectroscopic 3s orbital
Sub-spaces contributions analysis
The unexpected variation of the magnetic dipole hyperfine constant when CC correlation is added to the CV active space leads us to investigate in more details the different contributions. The active space based on the 9h active set is split into three pieces or sub-spaces.
The first one corresponds to the valence subspace (V) including only CSFs generated from the single excitations 3s → ns (4 ≤ n ≤ 9). The second one is the core-valence subspace (CV) including CSFs generated by all single substitutions from the core and restricted dou- the NO basis, the V-V interaction is slightly stronger than in the LBL basis (by ≈ 2 MHz). This is consistent with the property of the NO basis to increase the mixing coefficient of the leading DHF CSF. Similar feature is observed in the CV+CC calculations, even though the difference in the V-V interaction is larger (≈ 29 MHz). The C-C and V-CV interactions are also larger in the NO basis than in the LBL basis by ≈ 3 MHz and ≈ 1.7 MHz, respectively.
Independently of the basis, we observe from Table VII that the effect of CC correlation is mainly indirect since the change in the V-V contribution is more than five times larger than the C-C contribution itself (e.g., for the LBL basis the V-V contribution decreases by ≈ 80 MHz while the C-C contribution is only ≈ 14 MHz) as it was already discussed in the analyses of Engels et al. [34] and Godefroid et al. [38] . The interaction between the valence and core sub-spaces is exactly zero due to the one-body structure of the hyperfine Hamiltonian. 
Radial functions of the 3s orbital: LBL vs. NO
Sec. V E showed the difference in mean radii for the s-orbitals between the LBL and NO orbital bases. Table V put in evidence the diffuse 7s orbital in the LBL basis as well as a more contracted spectroscopic 3s orbital in the NO basis. The radial integral of the electronic magnetic dipole operator of the diagonal DHF CSF is −0.026857 in the LBL basis and −0.030312 in the NO basis. The small difference between the 3s and 3s NO orbitals is large enough to create a spectacular ∼ 11% difference in the hyperfine radial expectation value. Fig. 1 displays the difference of the absolute value the large components P (r) of the spectroscopic 3s orbital in both bases. The 3s natural orbital is slightly more contracted than the LBL one as attests the three "bumbs" close to the nucleus, which result from a larger transformed |P NO 3s (r)| than the original |P 3s (r)| when r 4. This leads to a higher value of its radial hyperfine integral in the calculations of the 1s 2 2s 2 2p 6 3s 2 S 1/2 ||T (1) ||1s 2 2s 2 2p 6 3s 2 S 1/2 reduced matrix element. The contraction of the spectroscopic orbital is a direct effect of core-valence correlation. This becomes obvious when the non-relativistic FV optimization strategy of Jönsson et al. [1] (c.f. I) is analyzed. We reproduced their computations by allowing all correlation orbitals to vary together with the valence 3s orbital for which the mean radius was computed after each layer. In Fig. 2 is plotted the mean radius of the 3s orbital along the expansion of the active space characterized by its maximum principal quantum number. For comparison, the LBL and natural 3s orbitals mean radii are also shown on the figure. The black line, corresponding to the non-relativistic calculations, clearly shows that the 3s orbital is progressively contracted as the active space is expanded, i.e., the core-valence correlation has the direct effect of contracting the valence orbital. The LBL 3s orbital is frozen after the optimization of the n = 3 layer. The LBL optimization strategy is therefore lacking of variational freedom which is partially recovered when computing the natural-orbital basis. Indeed the radial re-organization caused by the diagonalization of the density matrix mixes correlation orbitals and spectroscopic orbitals leading to a more contracted 3s orbital. there as a reminder that the spectroscopic 3s orbitals was varied along with the correlation 3p and 3d orbitals.
Artificial contractions
According to the previous section, the 3s orbital is not contracted enough in the LBL approach. The introduction of correlation should compensate for a too diffuse DHF 3s orbital. However it is frozen in a layer-by-layer approach. To confirm the strong link between the contraction of the 3s orbital (through its mean radius) and the large hyperfine structure constant value, two artificial ways of contracting the 3s orbital are explored:
(i) Mixing with diffuse orbital
The first layer, corresponding to the n = 3 active space, optimizes together the 3s, 3p−, 3p, 3d−, 3d orbitals. An additional (artificial) hydrogenic 6s orbital is added to the set of optimized orbitals so that the interaction between the diffuse 6s orbital and the spectroscopic 3s orbital results in a contraction of the latter. Only the n = 3 orbitals are kept, the 6s orbital is removed and the optimization of layers n = 4, 5, 6, 7, 8, 9
is performed as described in Sec. V. The corresponding orbital basis is labelled LBL-6s.
(ii) Extented optimal level optimization (EOL)
The first layer, corresponding to the n = 3 active space, optimizes together the 3s, 3p−, 3p, 3d−, 3d orbitals by minimizing simultaneously the two J = 1/2 lowest levels. Relative weights between the lowest and second lowest levels are chosen to be (20,1) or (15, 1) in two separate calculations. Such weight partitions affect only slightly the results obtained by optimizing on the lowest level only. These two sets of calculations are labelled LBL-W20 and LBL-W15, respectively.
The A 1/2 hyperfine constants computed with the different optimization strategies are reported in Table VIII along with the active space expansion. Since these strategies were not built on rational arguments -except the need for a more contracted 3s orbital -computations do not include the two core-core correlation layers nor the triple excitations in CI. A single CI calculation is performed for each strategy to include CC correlation which is already enough to appreciate the difference between the LBL and NO bases. The mean radii of the 3s orbital are also given in Table VIII . A high correlation is observed between the change in the mean radius and the hyperfine structure constants. Indeed, going from left to right, the mean radius of the 3s orbital decreases, corresponding to a contraction of the orbital, while the A 1/2 CI CV+CC value increases. It is remarkable that the NO provides similar values for all four bases in both the CV and CV+CC active spaces. Rotations in incomplete active spaces perturb the wave function, sometimes leading to disastrous results as shown in Sec. IV C 3 and App. A. Since the negative impact of rotations in incomplete active spaces has been established, it is important to assess the reliability of the NO basis. The small example presented in App. A already shows that the NO corresponds to rotations with small angles and therefore only slightly perturb the wave function.
In sodium, due to the single valence electron, core-valence correlation had to be included from the very beginning. The 2p3s → nln ′ l ′ and 2s3s → nln ′ l ′ classes of substitutions generate an incomplete active space. The opening of the n = 2 shell would require the simultaneous excitations of nine electrons (two from the 2s, six from the 2p and one from the 3s) to recover completeness. Fortunately, the LBL orbital basis, as presented in Sec. V A, is not so far from the natural-orbital basis, i.e., the corresponding rotations have small angles.
Indeed, all reference orbitals are only slightly perturbed as shown by the leading contribution of their vector composition (at least 99.995 % in their analogous orbital in the LBL basis).
Nevertheless, it is important to assess the quality of the natural-orbital basis, proving that the error due to the NO rotations in our specific incomplete active space remains small. 
Starting from Eq. 18 and using the relations of Eq. 19 together with the biorthogonality conditions, γ 1 resumes to 
The "second-order" overlap is therefore related to both γ 1 and γ 2 by the relation
which is easily generalized for a number x of transformations as
. . . through iterative transformations
Iterative transformations to the natural orbitals are applied to the sodium ground state to assess the validity of the results presented in Sec. V E. Each iteration consists in the following two-step procedure:
(i) For a given orbital basis, {φ (i) } with 0 ≤ i ≤ x − 1 where x is the total number of iterations, the ASF expansion coefficients are determined through CI calculation.
(ii) A density matrix is computed using the mixing coefficients of step (i) and diagonalized. Its eigenvectors provide the rotations coefficients to build the new orbital basis, computed. The effect of core-core correlation is also shown.
Energy
VI. SODIUM-LIKE IONS AND SODIUM EXCITED STATES
The unexpected difference between the two orbital bases in the calculations of the neutral sodium hyperfine structure constants leads us to consider the lightest sodium like-ions 25 Mg + , 27 Al 2+ , 29 Si 3+ , 31 P 4+ , 33 S 5+ and 35 Cl 6+ . For each ion the ground state hyperfine structure constant is computed and monitored along the active space expansion using the exact same optimization strategy as for the sodium ground state. Table X presents the magnetic dipole hyperfine constants of the sodium isoelectronic sequence from Na to Cl along the active space expansion. The observations are similar than for sodium. Firstly, the LBL and NO bases give close results when core-valence correlation alone is included. Secondly, the two bases lead to larger differences when core-core correlation is added through the optimization of two more layers. Finally, the opposite effects of the triple excitations in the LBL and NO bases is confirmed in all considered ions, i.e., the hyperfine structure constant increases in the LBL basis and decreases in the NO basis. The quadruple substitutions were omitted in the calculations within the iso-electronic sequence and the excited states since the goal of these calculations is to observe a similar discrepancy between the LBL and NO bases as for the neutral sodium ground state rather than providing the most accurate values for the hyperfine structure constants. Table X also presents the relative error on the final Avalue computed with both bases on the largest active space. Since neither the NO or the LBL basis is a priori better, the relative errors are computed as 2|A NO −A LBL | |A NO +A LBL | × 100%, where the reference value is taken as the mean of the two bases. We observe that the difference between the two bases drops below 0.5% already for the Mg + ion. It continues to drop as heavier ions are considered. It reaches its lowest value for the heavier ion, Cl 6+ , for which the relative difference between the two bases is 0.01%. The analyse of the sodium ground state presented in Sec. V showed that the 3s orbital was more contracted in the NO basis.
Going from neutral Na to Cl 6+ , the spectroscopic 3s orbital is more contracted due to the stronger attractive potential with the nucleus leading to larger A value. The contraction of the 3s orbital due to the interaction with the core however does not depend equally strong on Z explaining the relatively small importance for the more highly charged ions.
The 1s 2 2s 2 2p 6 3p 2 P • 1/2 and 1s 2 2s 2 2p 6 3p 2 P • 3/2 excited states of sodium are investigated to check if the observations made for the ground state can be generalized. The active space expansion and the optimization of the orbital basis closely follow the strategy employed TABLE X. Magnetic dipole hyperfine constant of the [Ne]3s 2 S 1/2 ground state for Na-like ions. The A 1/2 is given for 23 Na I (I = 3/2, µ = 2.2176556µ N ), 25 Mg II (I = 5/2, µ = −0.85545µ N ), 27 Al III (I = 5/2, µ = 3.6415069µ N ), 29 Si IV (I = 1/2, µ = −0.555290µ N ), 31 P V (I = 1/2, µ = 1.13160µ N ), 33 S VI (I = 3/2, µ = 0.64382120µ N ) and 35 Cl VII (I = 3/2, µ = 0.8218743µ N ). for the 1s 2 2s 2 2p 6 3s 2 S 1/2 ground state. Small differences arise since the 3s orbital is now a correlation orbital while the 3p orbital is spectroscopic. The J = 1/2 and J = 3/2 levels are optimized together following an extended optimal level scheme (EOL) [41] . 
VII. CONCLUSION
We report hyperfine structure calculations of the neutral sodium ground state and first excited states. We presented a detailed analysis on the use of the natural orbitals in multiconfiguration methods for hyperfine structure constants and the limitations of the traditional layer-by-layer optimization scheme. Extensive testing was performed on the natural orbital basis to assess its reliability in incomplete active spaces, looking at the basis transformation as any other rotations. The lack of variational freedom of the layer-by-layer scheme was found to be directly related to the shape of the spectroscopic orbitals, inducing a large discrepancy between our computed values and the experimental measurements. The naturalorbital basis method allows us to relax the frozen condition on the spectroscopic orbitals and to modify them according to the correlation model, leading to results in better agreement with experiments and other theoretical works. We provide evidence that natural orbitals have interesting properties and can be considered as a promising alternative to the LBL optimization scheme in more complex systems, e.g., with more than one valence electron. Beside their own particular properties that make the natural orbitals an interesting alternative, the simplicity of their computations could help in assessing the stability of computational atomic properties, i.e., they could participate in the estimation of the theoretical uncertainty. No. 2.5020.11 and by the Walloon Region.
Appendix A: The way to completeness: a sodium example A small test on the ground state of sodium 1s 2 2s 2 2p 6 3s 2 S 1/2 is used to demonstrate the need for the completeness of the active space to support rotations of the orbital basis. The active space is built very simply by allowing excitations from the 2p 1/2 and 2p 3/2 orbitals to the 3p 1/2 and 3p 3/2 orbitals. The number of simultaneous substitutions is progressively increased from one to six. The corresponding active space is labelled by the number of allowed excitations and built as follows (0) 1s 2 2s 2 2p 6 3s 2 S 1/2
(1) + 1s 2 2s 2 2p 5 3s3p 2 S 1/2
(2) + 1s 2 2s 2 2p 4 3s3p 2 2 S 1/2
(3) + 1s 2 2s 2 2p 3 3s3p 3 2 S 1/2 (4) + 1s 2 2s 2 2p 2 3s3p 4 2 S 1/2 (5) + 1s 2 2s 2 2p3s3p 5 2 S 1/2 (6) + 1s 2 2s 2 3s3p 6 2 S 1/2
Starting from the reference configuration, the above configurations are progressively added such that the active space (6) becomes a CAS. For each active space (1 → 6), the orbital basis set is such that the {1s, 2s, 2p 1/2 , 2p 3/2 , 3s} orbitals are solutions to the DHF equations while the orbitals {3p 1/2 , 3p 3/2 } are solutions to the corresponding multiconfiguration equations.
The p 1/2 and p 3/2 orbitals are then rotated according to
for κ = 1, −2, inducing a large mixing. For each active space, the energies before and after rotations are computed as well as their difference ∆E. They are displayed in Table XII. Although expected, going from the active space 5 to the active space 6 is quite spectacular.
Indeed the extra configuration 1s 2 2s 2 3s3p 6 2 S 1 generates only one CSF. This CSF alone allows to recover the invariance of the energy and the wave function. Its mixing coefficient is −0.000289 (∼ 0.000008%) in the LBL basis and −0.082971 (∼ 0.65%) in the rotated basis. A similar analysis is performed when evaluating the total binding energy in the natural orbital basis. For each active space, the natural orbitals are computed, inducing 
